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Abstract. We study the local zeta functions of an algebraic group Q defined 
over ^ together with a faithful .S-rational representation p for a finite extension 
^ of Q. These are given by integrals over p-adic points of Q determined 
by p for a prime p of j?. We prove that the local zeta functions are almost 
uniform for all j?-split groups whose unipotent radical satisfies a certain lifting 
property. This property is automatically satisfied if Q is reductive. We provide 
a further criterion in terms of invariants of Q and p which guarantees that 
the local zeta functions satisfy functional equations for almost all primes 
of ^. We obtain these results by using a p-adic Bruhat decomposition of 
Iwahori and Matsumoto |IMI to express the zeta function as a weighted sum 
over the Weyl group W associated to Q of generating functions over lattice 
points of a polyhedral cone. The functional equation refiects an interplay 
between symmetries of the Weyl group and reciprocities of the combinatorial 
object. We construct families of groups with representations violating our 
second structural criterion whose local zeta functions do not satisfy functional 
equations. Our work generalizes results of Igusa |Iguj and du Sautoy and 
Lubotzky |dSL] and has implications for zeta functions of finitely generated 
torsion-free nilpotent groups. 



Let Q be an algebraic group defined over a finite extension of Q and let 
p : Q ~^ GL„ be a faithful .ft-rational representation of Q. Let D be the ring of 
integers of A and p a prime of D. We denote the localization of .ft at p by ^p, its 
ring of integers by o (the dependence on p being understood) and the size of its 
residue field by q. Let tt be a fixed uniformizing parameter for o. For X <Q put 



where s is a complex variable, |.| is the p-adic absolute value and pg is the right 
invariant Haar measure on Q{^f) normalized such that p.g{Q{o)) = 1. 

The local zeta functions Zg^p_p(s) are said to be (almost) uniform if there exists a 
rational function Q{X, Y) such that for (almost) all primes p, Zg^p^p{s) — Q{q, g^**). 
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1. Introduction 





In this case, set •^e,p,p(s)|q_>.g-i :— Q{q We say that Zg^p^p{s) satisfies a 

functional equation if 

(1-1) Zg^,^,{s)\,^^-. = i-iyy^+'^Zg^.^.is) 

for some integers to, a, b. In fact there is a weU-defined notion of a functional 
equation even in cases in which the local zeta functions attached to an object 
are not almost uniform but rather are determined by counting rational points on 
certain varieties (see, for instance, |Vol) ) . We will impose conditions on {G,p) that 
will imply that the local zeta functions are almost uniform. However, the question 
of uniformity for these integrals, in general, remains open. 

Early interest in the function 2^g,p,p(s) came from the fact that it is a natural 
generalization of the Dedekind zeta function. Indeed, the latter may be obtained 
by taking G = GLi and p the natural representation. It was studied in other 
special cases by Hey, Weil, Tamagawa, Satake and Macdonald \iley\ IWeii ITaml 
ISatilMac] . Tamagawa considered the case Q — GL„ with the natural representation 
and showed that the global zeta function (defined to be the product of the local 
zeta functions over all primes p) has meromorphic continuation to the whole of the 
complex plane. In [dSWi Chapter 6] the authors proved that for several families of 
classical groups, the global zeta functions have natural boundaries and thus cannot 
be meromorphically continued. Nevertheless, it remains interesting to ask which 
properties of the Dedekind zeta function carry over to the function Zg,p,p(s) for all 
groups Q and representations p. 

The question of whether the functions ^g.p.p(s) are (almost) uniform and satisfy 
functional equations was first addressed in a more general setting by Igusa |Igu| . 
He chose Serre's canonical measure on G, which differs from the Haar measure used 
in our definition. He was able to derive an explicit form for Zg^p_p{s) in terms of 
q and q^^. This form involved a certain sum, over the Weyl group W of Q, of 
rational functions weighted by the length function on W. Igusa was able to utilize 
a symmetry of the Weyl group together with reciprocities for the rational functions 
to prove that the local zeta functions satisfy functional equations for almost all 
primes. The main tool he employed was a p-adic Bruhat decomposition due to 
Iwahori and Matsumoto [IM| . Although his integral differed from our ours, the 
method he employed will be essential to our analysis. 

Independent interest in the function ^e,p.p(s) was generated by |GSS| . in which 
the authors showed that the zeta function in fact expresses a subgroup counting 
function in a completely different context. Let F be a finitely generated torsion- free 
nilpotent group (or =5^-group) and for * G {<, <, A} define 

oo 

where a~ , and denote the number of subgroups of F of index n satisfying 
H < r, H <] r and H = T respectively . Here denotes the profinite completion. 
Cp(s) has been given no name to date; we refer to it as the proisomorphic zeta 
function of F. Define local zeta functions for each prime p by 

oo 
fc=0 
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Grunewald, Segal and Smith showed that for * G {<, <1, A} and for each prime p, 
Cr p{^) is a rational function in p^'^. They also showed that, as a straightforward 
consequence of nilpotency, the zeta function decomposes as an Euler product: 

c?(s)=nc?,p(^)- 

Furthermore, they realized the local proisomorphic zeta function Cr p{s) as the 
local zeta function Zg pp{s) of an algebraic group with an associated Q-rational 
representation (hence all such realizations are a fortiori rational functions in 
This prompted du Sautoy and Lubotzky to study Zg^p^p(s) with a view to 
ascertaining whether the local proisomorphic zeta functions Cr p(s) would be 
uniform and whether they would satisfy functional equations. 

It is well-known that if Qq is the connected component of Q then Qq can be 
expressed as xi G, where N is the unipotent radical of Qo and G is a (connected) 
reductive subgroup (see, for instance, jBori p. 9]). In [dSL' du Sautoy and Lubotzky 
made a reduction to an integral over the subgroup G and showed that the zeta 
function Zg_p_p{s) would be unchanged for almost all primes p. Specifically, they 
showed that 

(1-2) ^g,p,p(.s) = / \dctpig)\^9{g)^iGi9), 

Jg+ 

where 9 is the function G M>o given by 

(1.3) Oig)~^IN{{neN\ngeg+}) 

and /iAT is the right invariant Haar measure on N normalized such that fj,N{N{o)) — 1. 
They were also able to decompose the function 9 into pieces defined relative to a 
normal series for TV; this relied on a certain lifting assumption on Qq (see jdSH 
Assumption 2.3], restated in our paper as Condition 13. Sp . They further assumed 
that G would split over A, that 9 would be (the p-adic absolute value of) a character 
on G, that the rank of the maximal central torus of G would be 1, and that among 
the irreducible components pi,. . . ,pr of p\g there would be one whose dominant 
weight 'dominates' the dominant weights of the other components. We refer the 
reader to |dSLj for a definition of the latter. Under these assumptions, they were 
able to extend Igusa's method to obtain an explicit form for the local zeta functions 
■^0,p,p(s), deducing that they would be almost uniform in p and would satisfy 
functional equations. 

We now state our main theorem. 
Theorem 1.1. Let Q be an algebraic group defined over ^ and let p be a faithful 
^-rational representation Q — >■ GL„. Write Go = N >i G, where Qq is the connected 
component of Q , N is its unipotent radical and G is a connected reductive subgroup. 
Suppose that, after fixing some suitable decomposition of the representation space, 
(Qq,G,p) satisfies Condition \3.5\ (cf. Section\^ for almost all primes p. Suppose 
further that G splits over R. Let d denote the rank of the maximal central torus of 
and r the number of irreducible components of p\q. Then 

(1) the local zeta functions Zg^p^p{s) are almost uniform, i.e. uniform outside 
a finite set of primes 

(2) if r = d, for almost all primes p, Zg_p_p{s) satisfies the functional equation 

Zg,pAs)U^<i-^ = (-l)'+'gl*^l+^-"^^e,p,p(s) 
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where I is the number of fundamental roots of the root system associated 
to G, is a set of positive roots, and c is a non-negative integer. If Q is 
reductive then c — 0. 

For a faithful representation we necessarily have r > d (each irreducible 
component has a maximal central torus of rank 1 or 0; see |Igu[ p. 700]). We will 
show in Section [B] that in one direction our result is best possible in the following 
sense: there exist groups Q and representations p for which r > d whose local 
zeta functions do not satisfy functional equations in the sense of (jl.ip . A more 
complicated counterexample has in fact been given previously by Martin |Mar| . He 
studied the integral as defined by Igusa for a certain 3402-dimcnsional irreducible 
representation of GLy. Here, since r = d = 1, we infer from our Theorem 11.11 that 
it is the different choice of measure in this example (namely the canonical measure) 
that is responsible for the break-down of the functional equation. 

The proof of Theorem 11.11 relies on the splitting assumption to utilize a p-adic 
Bruhat decomposition of Iwahori-Matsumoto. As suggested in jdSH p. 73], it may 
be possible to remove this assumption using the notion of a p-adic decomposition 
for non-split reductive groups due to Bruhat and Tits (see |BTlj and |BT2) ). 
Condition l3.5l is needed to reduce to the case of a reductive group, and cannot easily 
be removed without a deeper understanding of the action of the reductive subgroup 
on the unipotent radical, as described below. In the case that Q is reductive. 
Condition 13.51 holds trivially. We thus obtain the following. 

Corollary 1.2. If Q is a ^-split reductive group defined over K with faithful ^- 
rational representation p then its local zeta functions satisfy statements (1) and (2) 
of Theorem ] 1. 11 

Our theorem generalizes [dSLj Theorem 6.1] as follows. We allow the maximal 
central torus to have arbitrary rank and we no longer make the assumption that 
the function 6 is (the p-adic absolute value of) a character on G. We do not assume 
that there is any relationship between the dominant weights of the irreducible 
components of pjc; rather, we restrict the number of components to d, the rank of 
the maximal central torus of G. In [dSL] , the authors proved a functional equation 
in the case that d = 1, r is arbitrary and among the dominant weights of the 
irreducible components of the representation, there is one which 'dominates' all the 
others. Note that our Theorem 11.11 (2) does not reduce to their Theorem A (2) 
under their assumptions. In fact their proof of the latter is flawed, which we will 
explain at the end of Section 15.21 However, in the case r = 1 their proof is valid 
and their result becomes a special case of our Theorem ll.il (2). 

The functional equation in part (2) of our main theorem comes, as in Igusa's 
setting, from an interplay between symmetries of the Weyl group associated to 
the algebraic group, and reciprocities of the generating functions in the weighted 
sum. However, in our case these generating functions are not just geometric series 
(as in |Igu| and |dSLj ): rather, they are certain generalized generating functions 
over subsets of a polyhedral cone. The reciprocity property we use to prove the 
functional equation is an extension of a reciprocity theorem due to Stanley [Stal 
Theorem 4.6.14]. Our proof relies crucially on the fact that the cone is simple. 
By this we mean that the set of lattice points it contains is freely generated as a 
commutative monoid (note that a simple cone is, in particular, simplicial). The 
simplicity of the cone is in turn a consequence of the condition r — d. Indeed, it 
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is this insight that enables us to construct our counterexamples in Section An 
important feature of our combinatorial data is the existence of a 'minimal vector' 
in Corollarv l2.7l below. in a similar vein to }Stal Corollary 4.6.16], although our case 
is slightly different due to the presence of internal structure in the cone. Our proof 
of a functional equation is reminiscent of |Vol) . where the generating functions 
varied in different cells defined by linear forms (see |Vol'. Proposition 2.1]). In 
[KV[ Theorem A] , the authors considered sums of generating functions possessing 
'inversion properties' analogous to Lemma 1^31 in the present paper, weighted by the 
numbers of non-degenerate flags in a finite formed space. While the settings are all 
different, they share a common feature in utilizing both combinatorial reciprocity 
properties and symmetries of a Weyl or Coxeter group to prove a functional equation 
(as is the case also in |Igu| and jdSL] ). 

We now explain why we have included Condition l3.5l in Theorem ll.ll and how this 
relates to |dSLl Theorem 6.1]. In |dSLj . the authors analyzed the automorphism 
group of C/4 , the Lie algebra of upper triangular 4 by 4 matrices, together with a 
natural representation, and showed that in this case 9 (defined in (|1.3|) ) is only a 
'piecewise' character. Specifically, they were able to divide the domain of integration 
into two regions such that 9 was a character on each. In Section[3]we will make this 
notion of 'piecewise characters' more precise and show that 9 will be a piecewise 
character provided that {Go,p) satisfies Condition 13.51 We need this property of 9 
in order to carry out our analysis of the reduced integral expression for Zg,p,p(s) 
given in (11.21) . Since the condition is somewhat technical, we postpone a proper 
description of it until Section [31 Roughly speaking, the condition states that 
quotients of Gq by certain normal subgroups iV^ of the unipotent radical, together 
with natural representations ipi : Go/Ni — )■ GL„, enjoy the property that integral 
points of Go/Ni defined with respect to ipi lift to integral points of Go with respect 
to p. Corollary 4.5 in |dSL) states that our Condition 13.51 is satisfied for almost 
all p. This is in fact incorrect. For instance, if G is taken to be the automorphism 
group of C/5 and p the representation with respect to the standard basis for C/g, 
it can be checked by a straightforward calculation that Condition 13.51 fails to be 
satisfied for all primes p (see |Ber[ pp. 78-84]). Therefore, a correct formulation of 
[dSLl Theorem 6.1] requires Condition 13.51 iust as our Theorem 1 1 . 1 1 does . 

Motivated by the examples presented in Section El we ask the following. 

Question 1.3. Does there exist a finitely generated torsion-free nilpotent group T 
such that, for almost all primes, the local zeta function Cr p(*) ^'^^^ ''^^^ satisfy a 
functional equation? 

To explain why this might be so, we briefiy describe the relationship between 
zeta functions of algebraic groups and proisoniorphic zeta functions of ,f7-groups. 
Consider a nilpotent Lie ring L over Z of finite rank n. Put Lp — L ® "Lp and 
C — L ®<Qp. If iJ is both a Lie subring and a full Zp-sublattice of Lp (written 
H < Lp), we write H = Lp ii there exists g g Aut£ such that Lp.g — H. 
The following two results connect zeta functions of groups with zeta functions of 
algebraic groups: 

Proposition 1.4 (cf. jGSSl Theorem 4.1]). Given a ,^-group T, there exists a 
nilpotent Lie ring L of finite rank over Z such that for almost all primes p, 

Cr%(5) = C£.p(s) := E \I^P--Hr- 

H<Lp 
H^Lp 
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Proposition 1.5 (cf. \GSS\ Proposition 4.2]). Given a Lie ring L of finite rank 
over Z, let p he the representation KvXC — > GL„(Qp) defined by fixing some 1,-hasis 
for L. Then AntC — ^(Qp), where Q is the algebraic automorphism group of L<^Q, 
and for each prime p, 



Incidentally, Proposition 11.51 is of independent interest as it generalizes to 
counting isomorphic subrings in Lie rings L (8> o, in which case the results of the 
present paper apply. A result of Bryant and Groves |BG1 Theorem A] implies 
that every algebraic group defined over Q together with every possible faithful Q- 
rational representation can be realized as the quotient of the automorphism group 
of some nilpotent Lie algebra by the group of lA-automorphisms (these are the 
automorphisms acting trivially on the abelianisation of the Lie algebra) , together 
with a natural representation. Unfortunately this does not give an immediate 
answer to Question 11.31 Even in cases where the group of lA-automorphisms 
coincides with the unipotent radical, we do not yet have sufficient understanding 
of the effect of the latter on the integral to extend our counterexamples to 
proisomorphic zeta functions of .^J'-groups using the approach of jBG| . 

Our results contribute to a broader picture of zeta functions of ^-groups. 
Local functional equations are known to be satisfied for all subgroup counting 
zeta functions |Vol| and for normal subgroup counting zeta functions of groups 
of class at most 2 [VoU IPaaj . while counterexamples are known in the normal 
subgroup case already in class 3 |dSWj . On the other hand, there are examples of 
,5^-groups whose local zeta functions of both subgroup and normal subgroup type 
are non-uniform |dS] . These examples corroborated an analysis of the zeta functions 
Crp('*) (* ^ o}) in |dSG| which established a theoretical link between counting 
subgroups of a ^-group F and counting Fp-points on an algebraic variety associated 
to r. However, this analysis was not carried out for proisomorphic zeta functions, 
and it remains to be seen whether they too can exhibit non-uniform behaviour. 
In view of the dichotomy between Cr p(*) ^^"^ Crpi^)^ interesting open 

question whether proisomorphic zeta functions satisfy local functional equations in 
general. If Question 11.31 is answered in the affirmative, it will be of great interest 
to characterize those i^-groups whose local proisomorphic zeta functions do not 
satisfy functional equations. On the other hand, Theorem 11.11 extends the known 
classes of algebraic groups and representations for which the local zeta functions are 
uniform and do satisfy functional equations. In view of Propositions 11.41 and 11.51 
this implies corresponding results for a larger class of .f^'-groups than previously 
known (cf. [dSLl Theorem B]). 

The paper is laid out as follows. In Section [2] we consider generating functions 
over polyhedral cones similar to those considered by Stanley |Sta| . The chief 
difference is that in our context the summand varies within a finite number of cells 
into which the cone is subdivided. We combine a new combinatorial result with 
techniques of Stanley [Sta] and Igusa [Igu| to show that if the cone is simple then a 
certain sum of generating functions weighted by elements of an abstract Weyl group 
satisfies a reciprocity property. In Section [3] we explain how the work of du Sautoy 
and Lubotzky }dSLj can be extended to obtain more delicate control over the form 
of the reduced integral expression for Zg^p^p{s) obtained by restricting the domain 
of integration to a connected reductive subgroup. In Section |4] we use a p-adic 
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Bruhat decomposition due to Iwahori and Matsumoto to obtain a combinatorial 
expression for the zeta function as a sum of generating functions over a polyhedral 
cone, utilizing methods of |Igu| and [dSL' . We are then able to deduce Theorem ll.il 
in Section [5l utilizing the results of Section [2] In Section |6] we give examples of 
local zeta functions of algebraic groups that do not satisfy functional equations. 
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We use the following notation: 



N 


the 


set of positive integers 


No 


the 


set of non-negative integers 


Qp 


the 


set of p-adic numbers 


1p 


the 


set of p-adic integers 


[n] 


the 


set {l,...,n} 


Sym(r7,) 


the 


symmetric group on {1,. . . ,n} 


M 


the 


p-adic absolute value 


v{x) 


the 


valuation of x, for x S .Sp 



2. Reciprocities of generating functions over cones 

We begin by fixing our terminology, most of which is standard. The dimension 
of a (non-empty) subset of is the dimension of the subspace spanned by it. A 
(linear) hyperplane if is a set of the form {v G R™ | v.w = 0}, where w is some 
fixed vector in K™. We will always assume such a vector has been fixed even when 
this is not made explicit. We set := {v G R™ | v.w > 0} and similarly for 
H-, H'^, H-, and we write H'^ — H. We call a hyperplane rational if the vector 
defining it has rational coordinates with respect to the standard basis for K™. We 
call a subset of M™ a cone if it is an intersection of closed half-spaces; that is, 
sets of the form for some hyperplanes Hi. A cone is pointed if it contains 
no lines and it is rational if it may be defined by rational hyperplanes. A cone 
is simplicial if it contains a finite subset S such that every point of the cone is 
uniquely expressible as a non-negative R-linear combination of elements of S. It is 
simple if it is pointed and the set of lattice points contained in it is freely generated 
as a commutative monoid (in particular, a simple cone is simplicial). Finally, we 
define a polyhedral cell complex. This is a cone C and a family F of cells defined by 
two finite collections of hyperplanes - bounding hyperplanes {Bi}ieM and internal 
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hyperplanes {Hi}i^K- The cone of the complex is defined to be 

ieM 

The cells are defined to be sets of the form 

where each Si G {0, >} and each tj G {0,<,>}. Thus every cell is open in its 
support and is contained in C; also, C is a disjoint union of the cells. For a subset 
X of R™, let X denote its closure with respect to the standard Euclidean metric. 
Given two cells Fi, F2 G we define Fi to be a face of F2, written Fi < F2, if 
TicT^. For each / C M set 

Ci--=^B>n n Bf. 

i£l jeM\i 

For instance, Cg = C and Cm — Int(C) (the interior taken with respect to the 
support of C). Set 

Ti :={Fg J'IFCC/}. 
If e G C, denote by F^, the unique cell in the complex containing e. 

Definition 2.1. We call a function 7 : 7^ — > Z™ piecewise constant on the complex 
if for each cell F there exists Cp G Z" such that Cp.e = 7(Fe).e for all e G FnZ'". 

Definition 2.2. For y C C, 7 : 7^ — > Z™, A, _B G Z™, q a prime power and s a 
complex variable put 

eeynZ"» 

Usually we will simply write this as Eyiq, q^'^)- We can now state our main 
combinatorial result: 

Theorem 2.3. Let {C,J-) be a polyhedral cell complex in R™ defined by rational 
hyperplanes, and suppose C is a simplicial cone defined by m bounding hyperplanes 
with dimC — m. Let 7 : J-" — > Z™ be a piecewise constant Junction on the complex 
and let A, B £ Z™. Suppose that B.e > for all ^ e Cz C . Then for each I C [m], 
Eci{q,q~'^) is a rational function in q,q~'^ . Furthermore, 

(2.1) EcM,q-nu^q-- = i-^rEc^^,^Ai,Q~n- 

Note that Theorem 12.31 reduces (essentially) to a special case of |Sta[ Theo- 
rem 4.6.14] if / = and there are no internal hyperplanes. On the other hand, 
if / ^ {0, [fn]}, the reciprocity result is best possible in the sense that if C is not 
simplicial, (|2.ip will not necessarily hold (it is easy to construct examples). 

The proof of the theorem depends on the following two results. The first of these 
is new, as far as we are aware, while the second is essentially a restatement of |Sta[ 
Theorem 4.6.14] in a form suitable to our context. 

Proposition 2.4. Take {C,J-) as in the hypothesis of Theorem \2.3l Then for each 
Fq G J- and L C [m] we have 

E/ -|\dim_F ^ / if Fq ^ ^[m\\I 

F>Fo 
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Proof. We prove this by induction on the number |_ftr| of internal hyperplanes. We 
start with the case \K\ — 0. If Fq e J'[m]\i then {F & \ Fq < F} = which 
consists of a single cell of dimension m, so we obtain the required expression. If 
Fo ^ J^im]\i, put -^0 = max{ J C [m\\I \Fo C Cj} and note that C /q C [m\\L 
Then, since C is simplicial, we have 

•^l^l JC[m]\(/U/o) 

= 0. 

Suppose now that {C,J-) is a cell complex with internal hyperplanes {Hi}i^K- Let 
iJ be a hyperplane and let {C,J-^) be the cell complex formed by C with internal 
hyperplanes {Hi}i^K U {H}. For each J C [m] define (respectively, Tj) as 
before. Inductively, we assume that the result holds for {C,F). Note that F'^ 
consists of all non-empty cells of the form F n H* where F G and * G {0, <, >}. 
Furthermore, for each * e {0, <, >}, F n H* e ■F[m]\i ^^"^ "^^^ if G J^[m]\i 
and F n H* ^0. Thus it is sufficient to show that if Fo G J", =(= G {0, <, >} and 
FoHH* ^ 0, the following holds: 

(2.2) ^(-l)d™^^^ (-l)'i™^'. 

^0-^ FonH'<F' 

E FqCi H< ^ then for each F > Fq in F/ we have F n H< ^ and hence 
dim F = dim F n iJ < . Thus 

{F' G F| I F' > Fo n i7<} = {FnH<\F>Fo, F G F/} 

and (|2.2p follows in this case. The case Fq n 7^ is similar. Suppose that 
Fo n ^ 0. If F' > Fo n in F| then F' ^ F n H* for some F > Fo in F/ and 
* G {0, <, >}. In order to establish (|2.2p it is sufficient to show that 

(2.3) Y (-1)'^™^'^^' = (-1)^™^. 

•G{0.<.>} 

Suppose that there exists * G {0, <,>} such that F C H* . Then (|2.3p follows 
immediately. The alternative possibility is that F n iJ 7^ and F ^ H. In this 
case F n i7> 7^ and F n i7< 7^ 0. We have dimF n H> = dimF n H< ^ 
dim(F n i?) + 1 = dimF, and follows. □ 

Lemma 2.5. Take {C,J-), A, B and ^ as in the hypothesis of Theorem \2.S\ . Then 
for each Fq G F, Epg(q, q^"^) is a rational function in q and q^"^ . Furthermore, 

(2.4) i?Fo (9,9-^)1,^,-1 = (-l)dimFo J2 EF{q,q-^). 

F<Fo 

Proof. Since 7 is piecewise constant, there exists Cpa G 2™ such that Cfq-c = 7(Fe).e 
for all e G Fo n Z"* . We begin by proving the result in the case that Fo is simplicial. 
In this case, there exist ui, . . . ,Uk G (where k = dimFo) such that each element 
of Fo is uniquely expressible as a positive real linear combination of these k vectors. 
Denote by Di the set Z™nX;!Li(0, 1]"^ and by Dq the set 1"^ nJ2'^^-^[0, l)ui. Then 

Z'"nFo= [] (e + J2t^^i] 

eei^i \ i=l / 
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so 

(A+7(_Fo))-e-(-B.e)s 



fc 1 



Note that for each m, i — 1, . . . ,k we have B.ui > 0, so the sum converges for 
suitable s. Thus 

Ep (a Q-')\ ^ -1 = f-l)dimi=^o f (A+C^„).e-(S.e). ] TT I 

^ (^_-^^diini^o ^ ^(A+^(F^)).e-(B.e)s 

eeZ"nTb 

F<Fo 

We now consider the general case. Since C is a pointed cone, so is _fo- By 
[Stal Lemma 4.6.1], there exists a triangulation of Fg, namely an expression for 
-Fb as a union of simplicial cones closed under intersection and under taking faces. 
Comparing (|2.4p (for Fo simplicial) to Stanley's Lemma 4.6.13, and noting that 
Fq = IJp<^ F, our result now follows from the proof of Stanley's Theorem 4.6.14. 

□ 

We have 

Eci{q,q~'')\q^q-^ = X! ^Fiq,q^'')\q^q-^ 

F£Fi 

" ^ (-l)^™^'£;F(q,g^") (by Lemma ESI) 



F'eTi F<F' 

J2EFiq,q-n E (-1)'™^' 



F<F' 



= E {-'^TEF{q,q~'') (by Proposition 

= {-irEc,^.(q,q-n- 



This completes the proof of Theorem [ 

Now let W denote the Weyl group of an abstract root system $ and let ai , . . . ai 
be a fundamental system of roots. Let denote the sets of positive, negative 

roots respectively. We assume that I < m. In Section 15.21 where we derive our 
functional equations for the local zeta functions of f/, we will need to consider not 
just a single generating function as in Theorem 12. 3[ but a weighted sum over the 
Weyl group associated to Q of such generating functions. The cone C will defined 
by TO = ^ + d bounding hyperplanes, I of these corresponding to the fundamental 
roots, and d corresponding to the rank of the maximal central torus of Q. In our 
weighted sum each summand will be a generating function over a subset of C with 
certain bounding hyperplanes (corresponding to a subset of the set of fundamental 
roots) excluded. 

For each e set 

(2.5) /„ := {ze H|a, eu;($-)}. 
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The weighted sum is as follows. 



Definition 2.6. 

We now adapt the proof of [dSLl Theorem 5.9] to show that, under specified 
conditions, Theorem 12 .31 implies that Z{q,q~^) satisfies a functional equation. This 
refiects an interplay between a reciprocity of the generating function fTheorem l2.3p 
and a symmetry of the Weyl group. This interplay lies at the heart of the functional 
equation. 

Corollary 2.7. Suppose there exists a vector a G Z™ H C H C\ieK such that for 
each I C [V\ we have 

(2.6) C[„]\,nZ™ = a + C[,]\,nZ'". 

Then, under the hypotheses of Theorem \2.3\. 

Z{q,q-nU^q-^ = (_l)™^|*+|+(A+^(F„)).a-(i3.a)s^(^^^-s)^ 

Proof. 

Z{q,q-nU~.<i-^ = (-1)™ E ^'^"'^^qHX.J'?'^"') (by TheoremUD 

= (_l)™,(A+.(^.)).a-(B.a). ^ qM-)Ec,,,,Jq,q-n 

w£W 

= (_l)™q('4+7(J^<.))-a-(B.a)s ^ ^l*+|-A(to«,o)^^^ ('7,9"'*) 

where Wq gW is the longest element of the Weyl group. To see the second equality, 
note that by p.6p it is enough to check that for every cell F there exists a cell F' 
such that F < F' and a G F' and then to observe that 7 may be replaced by a 
constant function on F'. This follows from the fact that C is a union of the chambers 
in J^, each of which contains C n Pligif Hi (we define a chamber to be the closure 
of a cell which is maximal with respect to the face relation). The third equality 
follows from the standard properties X{vu) + X{wwo) = |$+| and wo{^^) = (see 
[Hum2i Section 1.8]). The latter gives 

= {te[l]\a,^w{^-)} 
= {ie[l]\aiewwo{<^^)} 



^WWQ • 



□ 



3. Integrals over reductive groups 

Let Qo denote the connected component of G- By |dSL[ Lemma 4.1 and 
Proposition 2.1] we have that for almost all p, Zg,p,p{s) = ^go,p,p(s). We therefore 
assume throughout that G is connected. Fix a reductive subgroup G of ^ such that 
G = N "A G , where TV is the unipotent radical of G- Fix a maximal torus T of G. 
We impose the following restriction. 
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Condition 3.1. The maximal torus T of G splits over M.; that is, there exists a 
^-isomorphism (f> : T ^ Gf"^'^ . 

This implies in particular that T splits over for every prime p. One of the 
key observations made by du Sautoy and Lubotzky is that one is free to choose 
an equivalent ^-rational representation. For a particular localization Kp, this 
may change the integral; however, they showed that for almost all p it will not. 
Specifically, they proved the following. 

Lemma 3.2 ( |dSL[ Lemma 4.2]). Let p' : Q GL„ he a ^-rational representation 
equivalent to p; that is, there exists A G GL„(.ft) such that p'{x) = Ap{x)A~^ for 
all X G Q[^. Then, for almost all primes p, 

^e,p',p(s) = Zg.p.p{s). 

For our purposes we will require the representation p to satisfy number of 
properties. In view of Lemma l3.2l it will be sufficient to show that these properties 
are satisfied for some equivalent .S-rational representation. This will ensure that we 
can pass to this equivalent representation for almost all primes p without changing 
the integral. 

Definition 3.3. We call a .^-rational representation p 'good' if it satisfies the 
following. Let the underlying ordered basis for the representation space V 
be There exists a decomposition of [n] as [n] = U^^^ giving a 

decomposition oiV — Ui, where Ui is the subspace of V spanned by {uj)j^i^, 

so that, putting Vi = 0^^^ Uj, we have 

(1) each Vi is C/-stable 

(2) each Ui is G-stable 

(3) N acts trivially on each section Vi/Vi+i 

(4) T acts diagonally with respect to the basis {ui)i^[n] 

(5) each Ui is an irreducible subrepresentation of p\g- 

Proposition 3.4. Given a faithful ^-rational representation p of Q there exists 
an equivalent faithful ^-rational representation p' which is good and satisfies, for 
almost all primes. 

Proof. By [dSLl Lemma 4.3], there exists a representation equivalent to p whose 
underlying ordered basis gives a decomposition V — Qi^i U^ satisfying properties 
(1), (2) and (3) above. Each G-stable subspace U^ can be decomposed further into 
irreducible components under the G-action. This gives a refinement of the original 
decomposition, say V = 0^=1 Ui, which is easily seen to satisfy properties (I), (2), 
(3) and (5). It remains to note that since T splits over ^, there exists for each i 
a basis {uj)j^i. for Ui on which T acts diagonally. The result now follows from 
Lemma 13.21 □ 

We now assume that p is good and has the form described in Definition 13.31 We 
recall the following definitions from [dSLj . For each i let Ni denote the kernel of 
the action of N on V/Vi+i (so we obtain a normal series with Ni = N and Nc = f ). 
By identifying Ui :— Ui (B ■ ■ ■ (S) Ui with V/Vi+i we obtain a faithful representation 
ipi : N/Ni — >• GL(Wi). This defines a unique representation ipi : Q/Ni GL„ 



12 



satisfying 

ipi{nNi){v) = il)i{nN.i){v) for all n e N,v e Ui 

(pi{nNi){v) = V for all neN,veVi+i 

ip^{gNi){v) = p{g){v) for all g e G, e y. 

If X/N, < g/N, put {X/Ni)+ := <f-^[<p,{{X/N,){^^)) n (M„(o))]. As in [dSL], 
we assume that the following condition holds: 

Condition 3.5. For each i G [c] and for each g G {G/Ni)^ there exists g G 
such that gNi = g. 

This appears as Assumption 2.3 in |dSL| . In the same paper, the authors state 
that the condition holds for almost all primes |dSH Corollary 4.5]. As pointed out 
in Section [1] this is incorrect. We now explain how the integral may be reduced 
under Condition l3.5l Let /i^r denote the right Haar measure on N normalized such 
that fi]\[{N{o)) = 1. Each section Ni/Ni+i admits a right Haar measure fJ^Ni/Ni+i 
satisfying ^^y./jVi^i ((-/Vi/iVi+i)+) ~ 1. This can be used to define certain functions 
which describe an action of the reductive subgroup G on each section Ni/Ni^i. 

Definition 3.6. For each h G G{^p) and i G [c — 1] put 

9Ah) := ({71 G N,/N,+i I nh G (g/N,+i)+}). 

Recall from dO]) that e(h) := G iV | n/i G 0+}). In (dSL) . du Sautoy 

and Lubotzky reduced the integral Zg^p^p{s) to an integral over the reductive 
subgroup G. It will be convenient for us to divide their result into two parts. 

Proposition 3.7 (cf. (2.1) in the proof of [dSLl Theo rem 2.2]). Suppose that [G, p) 
satisfies properties (1), (2) and (3) in Definition \3.S\ and Condition \3.5\ with respect 
to some suitable decomposition of the representation space. Then 

c-l 

4=1 

Definition 3.8. Put 

ZG,p,eAs) ■■= I \<ielp{h)Ye{h)^XG{h). 
Jg+ 

Theorem 3.9 (cf. [dSLj Proof of Theorem 2.2]). We have 

Zg,p,p{s) = Zcpfi^s). 

Note that in contrast to Proposition 13.71 Theorem 13.91 is unconditional. 
In Section 2] when we come to analyze the integral using a p-adic Bruhat 
decomposition, we will need to understand how 9 varies on Bruhat double cosets. 
Also, it will be crucial to express 9\t in terms of characters of T. We now prove 
two results about the action of G on which will enable us to deal with these issues. 

Lemma 3.10. For all h G G{Sip) and /ii,/i2 G G(o), 9{h) = 9{hihh2). 

Proof. For g G G(j?p) put Mg = {n G A | n.g G 0+}. It follows that M,'^^\,,^ = Mh. 
Consider a measure /x^ on A^ given by p'^iA) = pn{A'^^) for all measurable sets A. 
This defines a right Haar measure on A^. By uniqueness of the Haar measure 
there exists A G M>o such that /z^ — X^n ■ However, /z^(A'(o)) = iiNiN^o)'^^) = 
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Hn{N{o)) =1, so A = 1. It follows that 9{h) = ^N{Mh) = Mjv(A^/ii/ih,) = 9{hihh2). 

□ 



Next we analyze 6'|t in the case that p is good (cf. Definition 13. 3p and {Q, p) 
satisfies Condition 13.51 There exists a natural identification of Ni/Ni+i with a 
subspace of f//^i, where si = dimUj. This conies from considering the action 

of Ni/Ni+i on V/Vi+2- Since the induced action on V/Vi+i is trivial, Ni/Ni+i is 
identified with an additive algebraic subgroup of tZ/li Note that 

n S (Ni/Ni+i)^ if and only if its image in U^^-^ is in the o-span of the basis 
({^ilje/i+i)'''- Now G acts on Ui+i, hence on C/*[^; in fact if n e Ni/Ni+i, g G G 
and V is the image of n in C/^ji]^, then G {Q / Ni^i)^ if and only if v.g is contained 
in the o-span of . Thus the question of integrality is reduced to a 

question in linear algebra. 

Definition 3.11. For each a £ Sym(n), put 

r,(j?p) := {t e T(i^p) I i;(A,(,)(t)) < v{K^j){t)) for all l<i<j< n}, 

where Xi{t) is the eigenvalue for the action of t on the basis element Ui. 

Lemma 3.12. Let p be a good representation of Q and suppose that, for almost 
all primes p, {Q^p,p) satisfies Condition \3.5\ Define 6 with respect to p as 
described above. Then for each a £ Sym{n), there exist non-negative integers mi[a) 
(z = 1, . . . , n) such that, for almost all p, for all t £ T'cr(o), 

6{t) = |Ai(t)r™^(^)...|A„(t)r""(-). 

Proof. We fix a one-to-one correspondence r i— >■ Xr between elements of 
Sym(si(si+i — Si)) and orderings of the basis X = ({Mjjje/i+i)''* for 
Fix an ordered basis (fj)je[m] foi' Ni/Ni^i[0), where m := dim iVi/iVi 4.1. Given 
T G Sym(sj(si+i — Si)), there exists an ordered basis {wj(T))j^[m] for Ni/Ni+i{^) 
with the following property: 

(*) For all j G [m — 1] and k G [si{si+i — Si) — 1], if Wj{T) has zero projection on 
the subspace generated by the first k basis elements of Xr, then Wj^i{T) has zero 
projection on the subspace generated by the first fc -I- 1 basis elements of Xt. 

For each r we fix such an ordered basis for Ni/Ni^i{K) and denote it by Yj-. Let 
Ai(T) denote the hnear map Ni/Ni+i{K) — Ni/Ni+i{K) given by vj ^ Wj{T) for 
j — 1, . . . , m. Note that iit £ T, t acts diagonally on the basis X for U^^i(M.), since 
p is good. Given ct, there exists r G Sym(si(si+i — Si)) such that, for all t G T'o-(o), 
the valuations of the eigenvalues for the action of t on the ordered basis Xr are in 
non-decreasing order. Fix some such suitable t (there is some freedom here which 
need not concern us) and write the eigenvalues as i^i(t), . . . ,Vs.(^s.^^_s.^(t). Now 
fix t G Tcr{o). Let Yr be the basis for Ni/Ni+i{M.) chosen above and note that, for 
almost all p, the o-span of Yr is precisely Ni/Ni^i{o). This follows from the fact 
that the transformation Ai(T) defined above lies (for almost all p) in GL,„(o). By 
construction, Yr satisfies (*) with respect to Xr. We may further assume that, in 
the expression for each element of Yr as a linear combination of the elements of 
the basis Xr, every coefficient has valuation zero (this holds for almost all p). It 
now follows immediately that 0i{t) has the form H^L^*'"'''^ \vj{t)\~^^ where each 
Sj G {0, 1}. Note that for each j G [si(si+i — Si)] there exists k G [si+i]\[si] such 
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that ^^{t) = Xk(t), where Xk{t) is the eigenvahie for the action of t on Ufc, so by 
ProDOsition l3 . 71 we obtain an expression of the required form by taking the product 
of the expressions obtained for each 9i{t). It remains to note that this construction 
provides non-negative integers mj{a) depending only on cr; in particular they are 
independent of t e T'o-(o) and of the localization ^p. □ 

4. A COMBINATORIAL EXPRESSION FOR ^G.p.pCs) 

We begin by recalling the set-up of |dSL| in the reductive case (with some 
important distinctions). Let $ be the root system of G relative to T (that is, those 
elements of Hom(T, Gm) which give rise to non-trivial weights for the adjoint action 
on the Lie algebra of G) . As in Section[2l let ai , . . . , a; be a set of fundamental roots 
for $ and let W be the Weyl group. Let S be the maximal central torus of G and 
put d :— dimS*. It is well-known that G — S.G', where G' is the derived subgroup 
of G. Then G" is semisimple (see, for instance, jBorl p. 10]). The root systems of G 
and G' are isomorphic, hence by jHumll 26.2, Corollary B (f)] the semisimple rank 
of G is L It follows that the rank of G is Z + d. To each root a there corresponds 
a minimal closed unipotent subgroup [/„ of G such that conjugation by elements 
of T maps Ua into itself and there exists an isomorphism 9^ '■ Ga ~^ Ua satisfying 
t9a{x)t-^ = 9a{a(t)x) for all x € Ga, t € T (see |Humli 26.3, Theorem]). By 
Condition 13. II we have a .ft-isomorphism (p : T '^m'^- We will need the following. 

Condition 4.1. The group G, the maximal torus T, and the isomorphisms 
(j) : T ^ {GmY^'^ (ind 9a ■ Ga Ua (a & ^) all have good reduction mod tt. 

This was assumed also in |Igu| . As observed in }dSH p. 74], it holds for almost 
all primes p. By good reduction of the maps we mean that reducing mod tt gives 
induced maps T(o/p) {o/pY'^'^ and o/p — Ua{o/p) which are isomorphisms. The 
finite Weyl group of G is isomorphic to N{T)/T, where N{T) is the normalizer 
of T in G. We define actions of W on Hom(r, G„i) and on IIom((Gm, T) as follows: 
if w e W^, a G Hom(T,(G™) and ^ e Hom(G™,r), put {wa){t) = a{w-'^{t)) for 
all i G T and put {w^){t) = w(^(r)) for all r G Gm, where the action of W on 
T is by conjugation. In particular, the former induces an action of W on $. A 
consequence of Condition 14. II is that it is possible to take a coset representative g^ 
for each w eW = N{T)/T such that G N{T){o) (see [Tgu) p. 697]). We now 
put S := Hom(G„,r) and write V Hom(T, G™) M, V* := Hom(G™, T) ^^M. 
Note that S = 1}+'^ = Hom(r, G™) since G has rank I + d. 

For each a G IIom(r, G„i) and ^ G IIom(Gm,T') let (a,^) be the integer 
satisfying ^(^(t)) — t^"'^^ for all r G Gm- This provides a pairing IIom(r, G„i) x 
Hom(G„i,T') — !■ Z given by (a,^) i— >■ (a,0 which extends uniquely to a linear 
map V X V* — s> M. There exists a finite set $* of coroots in S which is invariant 
under the VF-action on S and satisfies the property that (a,^) — {wa,w^) for all 
u;GW^,aG$,^G$*. We define the afSne Weyl group W of G relative to T as 
W := W t< {t^\^ € E} where : x i— a; -I- ^ is a translation on V* and the action is 
given by {■wit^J{w2t^^) = wiW2t^-i^^^^^. 

The chosen fundamental roots define sets of positive and negative roots which 
we write as and respectively. Put 

n 
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and similarly for U . We are now able to define the Iwahori subgroup. This is given 
as B := (Tro)T{o)U^ (o). We have the following p-adic Bruhat Decomposition: 

and 

(4.1) G(o) = YL 

f |IMj and |Iwal p. 74]). Define a length function A on W by 

g^^^-'s) := caidiBgUi7T)B/B) 

= p^G{Bg,,i{^)B)/p^G{B). 

The restriction of A to the finite Weyl group agrees with the usual length function 
on W . For each ^ £ S there is a unique element ^ W such that X{wt^), as a 
function of w, attains a minimum precisely at and 

(4.2) X{ww^t^) = X{w) + X{w^t^) for aU w eW 
[iMl p. 21]. As noted in [Igu) p. 704], it follows that 

(4.3) Hwik)= E («,0-A(zi'5). 

aGw^^ {$+) 

Ues|e(7r)eG+}, 

Proposition 4.2. Ptti ao nQe$+ Then for almost all primes p, 

^e,p.p(5)- E E 9<""«^|detp(^(7r))r0(e(^)). 

wew i&w3+ 

Note that this is essentially the same as [dSLl (5.4)]. In their setting, du Sautoy 
and Lubotzky assume that 6 is (the p-adic absolute value of) a character of G, which 
allows them to express the product |detp(f (7r))|*6'(^(7r)) in terms of a generator / 
for the (in their case one-dimensional) character group of G. 

Proof. By Theorem 13.91 we have Zg_p_p(s) — ^G,p,e,p(s)- We may therefore take 
Definition 13 .81 as a starting point and follow the line of argument given in [dSLl pp. 
76-77]. The p-adic Bruhat Decomposition gives 

G+= [] Bg^a^)B. 

By construction, B C G(o) and g^ £ G(o). It follows that each of \detp{h)\ and 
9{h) is constant on the double coset Bgw£,{'^)B, the latter by Lemma r3.10l In |dSL) . 
this observation is combined with (|4.ip , ()4.2p and (|4.3p above to obtain the desired 
result. In their argument they use the fact that each of the maps ^ |detp(^(7r))| 



Put 
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and ^ ^ 9{^{tt)) is constant on VF-orbits in ^. It remains to check the latter of 
these in our setting: We have 

by Lemma rS.lOl □ 

Next we need to use information about the weights of the representation p\g- 
This will allow us to realize the sets wS+ as subsets of lattice points of a 
polyhedral cone so that the results of Section [2] will apply to the weighted sum 
in Proposition 14.21 Along the way, we will define a polyhedral cell complex 
that will allow us to incorporate the function 9 into our analysis. Let pi,. . . ,pr 
be the irreducible components of p\q. For each irreducible component pi, let 
LOii, . . . ,LUin. G Honi(T, Gm) be the weights of pi (so X)[=i — ^^-^ let 
uJi S Hom(T, Gm) be the dominant weight of the contragredient representation 
g i-T' *Pi{g)^^- Then there exist Cfe(j, i) £ No such that 



(4.4) = 0.-1 n 



I 

Ck{j,i) 



a 
fc=i 



for each i G [r] and j G [rii] (see, for instance, jHumll 31.2, Proposition]). For 
convenience, for each k G [n] we write uik for the fc*'* weight in the ordering 
(wii, . . . , ujin-i , • ■ • , Wri, . . . , uJrrir)- We wiU assumc that the weights are ordered 
such that uikit) is the eigenvalue for the action of i G T on the basis element it^ 
of V (see Definition 13. 3p . Fix a Z-basis 

(4.5) a,---,6+<i 

for S and let /* : S — ;> Z'+'' be the coordinate map relative to this basis. Let 
/ : Hom(T, Gm) Z'^'^ be the coordinate map relative to the dual basis. Note that 
(a, ^} = /(a)-/*(C) foi" ^11 oi G Hom(T, Gm), C G 2, where the latter is the standard 
inner product on R'+'^. For v G Z'+'', let C denote . ..^H+J" (so /*(r) = v). 
Igusa showed that 

wE^ = G S I > for ah i; (at,^) > if G w($")} 

|Igu[ pp. 702-3]. From this and (14.41) du Sautoy and Lubotzky deduced that 



(4.6) wE+ = wE.^ n G S I {ujj\0 > for j = 1, . . . , r}. 

[dSLj Lemma 5.4]. Put 



Bf" := {e G ]R'+'' I /(a,)-e > 0} for i = 1, . . . , 
We define our polyhedral cone as 



B,^, := {e G M'+'^ | f{io-').e > 0} for j = 1, . . . , r. 



> 



For each i,j£ [n] with i ^ j, put 

:= {e G I /(LD,c:;-i).e < 0}. 
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For each a G Sym(n) put 

:= UGS|e(7r) er<,(J^p)}, 
S+(a) S+nS(a). 

fsee Definition IXTTj) . Observe tliat 



/< 

C7(l)(T(j) 

l<i<j<n 



and 

is/™ 

witli lu, C [/] as defined in (|2.5I) . We thus have 

r(u;S+)=Cz„nZ'+^. 

We are now ready to define our polyhedral cell complex [C^F): take C as above and 
Hij {I < i < j < n) as internal hyperplanes. By Lenima r3.12[ for each cr G Sym(n) 
we can find non- negative integers mi{a) such that 

^J•^e^-^^J^J _ ^mi{cr){uii,^')-\ h™„(<T)(w„,?'=> 

for all e G /* (S+((t)), and this equality holds for almost all primes p. Fix some total 
ordering on Sym(n). To each cell F in the complex {C,F) associate the minimal 
element ap of Sym(n) satisfying F C /*(S+((Tf))- Define a function -f : F ^ Z'+'^ 

by 



(4.7) 7(^^) :=/ !!' 



It follows that 6{S^'^{tt)) = q^i^")-^ for all e G S+ and that 7 is piecewise constant on 
the complex (cf. Definition [23J- We are ready to give our combinatorial expression. 
By Proposition |4?2l we have 

Proposition 4.3. For almost all primes p, 

Zg.M = E 9"'^"'^i?C.„,A,B,^(g,(7-^), 

where A :— /{uq), B :— /(detpl^), 7 is the piecewise constant function F j}^'^ 
defined in J^. 9|), and m :— I + d (cf. Definition \2.2]) . 



5. Proof of the main theorem 

5.1. Uniformity. Since we will need to apply Lemma [2.51 we first establish the 
following. 

Lemma 5.1. For all w G W, 1 7^ ^ G wS+ and F ^ F, we have (ao,0 ^ 0; 
(detp|T,0 > and iULii'^^)"'''''"'^ ^0 > 0- Furthermore, the cone C is pointed. 

Proof. The first and third inequalities follow from (|4.4p and (|4.6I) . Note that 
detpjr = nr=i'^^- Fix u; G and ^ e wE+. By (gH) and (gH), > 

for all i G [n]. Thus (detp|T,0 > 0. Suppose that (detp|T,0 = 0. Then (^,,0 = 
for all i G [n]. However, the weights Qi generate Hom(r, G™), whence ^ = 1. The 
pointedness of C follows directly from the fact that (detp|T,0 > for all w G W, 
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Recall that J/„ = {F e J^\F C C/^„}. By Proposition 14.31 we have 

Thus, by Lemma and Lemma [^751 we have that for almost all primes p, Zg p p{s) 
is a sum of rational functions, hence is itself a rational function in q, depending 
only on the group G and the representation p. This proves part (1) of Theorem ll.il 

5.2. The Functional Equation. In this section we complete the proof of 
Theorem 11.11 by applying the reciprocity results of Section [5] Suppose then 
that the number r of irreducible components of the representation p is equal 
to the dimension d of the maximal central torus S. In Section 2] we chose an 
arbitrary basis for S (see (14. 5p ). We now specify this basis. Note that the group 
Hom(T, Gm) is generated by the weights, since p is faithful. However, by (|4.4I) . 
the weights are generated by ai, . . . , a; together with uj^ , • • • , Wr^- Since r — d 
and Hom(r, Gm) has rank l + d over Z, this implies that (ai, . . . ,ai,a;j"^, . . . 
is a Z-basis for Hom(T, Gm)- We deduce that C is simplicial. Write ai+i := uj~^ 
for i = 1, . . . , d. Let ^i, . . . , ^i+d be the dual basis to ai, . . . , ai+d', that is, the 
elements of S having the property that {ai,^j) — 5ij for all i,j G [/ + d]. We 
choose (^i) and (a^) as our (ordered) bases for S and IIom(T, G^) respectively and 
use them to define coordinate maps /* : S — >■ Z'"'"'^ and / : Hom(r, G^) — >■ Z'+'' 
as described in Sectional Note that C n Z'+'' = No+'', so in fact C is simple. Set 
a = /*(6+i ■ • ■ = (0, . . . , 0, 1, . . . , 1). It follows from the definitions and (I4.4p 

I d 

that 

aez'+'^ncn p| i/y 

and for each / C [?] we have 

C[,+rf]\jnz'+'* = a + C[,]\jnz'+'^. 

By Proposition 14.31 and Corollary 12. 71 we have 

By construction f{ao).a = (nQG$+ "^f'+i ■ ■ = 0. Next, using (g^) have 

f{detp\T)-a = (nr=i '^i' $'+1 ■ • -^i+d) = ^- (Recall that n is the dimension of the 
representation p.) Thus our functional equation becomes 

Zg,pA^)U^q-^ = (-l)'+'^gl*^l+^(^")-"-"^Zg,,,p(s). 

By Lemma [5.11 we have that j{Fa))-a > 0. In particular, if Q is reductive then 
0(h) = 1 identically on G = 5 so 7(^0,)) = 0. This proves part (2) of Theorem [TT] 

As promised in Section [TJ we now explain the error in the proof of jdSLi 
Theorem A]. The authors realize the zeta function in their setting as a generating 
function over a set / of lattices points of a cone. The existence of what they 
call a 'dominating' dominant weight guarantees that the cone is simplicial. In 
order to explicitly compute the zeta function, they further require the cone 
to be simple. To justify this, they state "Note that, since {uj^^,S^) e Z, 
l/m^^^-^(&j(l)/mi ~ Cj)ej G Z" (see [dSLl p. 82]). This inference is not vahd, 
since the second expression is an integer if and only if l/mi(w]^^, ^) is an integer 
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(cf. the expression for (ojf ^, ^) on [dSLl p. 80]). This is not true in general, since wi 
is some dominant weight and there is no control over the integer mi defined on jdSH 
p. 77]. If the 'dominating' dominant weight assumption |dSLl Assumption 5.5] is 
replaced by the more restrictive assumption that \mi\ = 1 (in particular, r = 1 is 
sufficient), their cone defining / becomes simple. 



6. Counterexamples 

Let Td denote the d-dimensional split torus {d > 2). We define an infinite 
family of representations of Td whose associated local zeta functions do not satisfy 
functional equations. In these examples, r = 2d — 1, illustrating that the condition 
r = d in Theorem 11.11 cannot be dropped. 

Proposition 6.1. Let G = := Gf„, where d > 2. For each integer fc > 3 
define a faithful Q-rational representation pd,k ■ G GL2d-i by pd^xi, . . . , Xd) — 
diag{xi, . . . , Xd, Xix'^^ , . . . , x^_-^^x'^^). For all primes p, 

Zcpa.kAs) ^ / |detpd,fe(g)|''/iG(5) 
Jg+ 

does not satisfy a functional equation. 

Proof. Fix d and fc, writing p = pd^k and G = G'(Qp). For y G Z'* put 
Gy = {x e G \ v{xi) = for i = 1, . . . , d}. 

We have 

Go = {geG\ Pig) e GL^d-ii^p)} - G(Zp), 

and for all y E I^'^, 

Gy^Go.{py\...,py^). 

This implies that p,G{Gy) = p,g{Gq) = 1. If a; G G, put yi = v{xi) for i = 1, . . . , d. 
Put 

C = {ue M|o I fcu, - > for i = 1, . . . , d - 1}. 

Then a; G G+ <^ y G C n Z'*. Setting Xi = p-C^+i)* for i 1, . . . , d - 1 and 

Xd = p^'*^^)'' we have 

Zg,p.p{s) = / |detp(5)|>G(5) 

JG+ 

yecnz<i 

Let {ei, . . . , td] be the standard basis for W^. Put /i = for i = 1, . . . , d— 1 and 
fd = kcd + X]j=i ^j- It straightforward to check that C — span^d {/i, . . . , fd}. 

Put Do — {0} U {jcd + J2i=i = 1, . . . , fc — 1}. Another routine check shows 
that 

CnZ'^= [J (M + spanN„{/i,...,/4)- 

u6-Do 
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It follows that 

^G,p,p(s) 



l + Xi...Xd{l+Xd + --- + X^^-') 
(1 - - X2) ... (1 - Xd-i){l - Xi . . . ' 

hence 

Suppose that Zc.p.pis) satisfies a functional equation of the form 

Zg,p,p{s)\p^p-^ = {-ITp'^+'^Zg^pAs)- 

Then 

(-i)"V^+'^(i + Xi... Xd{i + Xd + --- + x^-^)) 
= i-iYXi . . . Xd{i + Xd + --- + x^-^ + Xi... Xd-iX^-^). 

If (i = 2, comparing highest powers of immediately leads to a contradiction. 
If d > 2, comparing lowest and next-to-lowest powers of gives = ^-("^-2)3 

and Xi . . . Xd-iX^ = 1, hence d + k — 1 — 0, which is impossible. □ 

It is easy to see that there are also families of representations of Td with r > d 
whose associated zeta functions do satisfy a functional equation. If the associated 
cone C is simplicial, the existence of a functional equation in fact depends on the 
configuration of the lattice points in C. Recalling the definitions of the sets Dq and 
Di used in the proof of Lemma 12. 5[ we note that the generating function satisfies 
a functional equation if and only if Dq maps onto Di under a translation. This is 
a highly restrictive condition on the cone. 
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